Let G = (V (G), E(G)) be a connected graph. A dominating set S of a graph G is a perfect dominating set if every vertex of G not in S is adjacent to exactly one vertex in S. A subset S of V (G) is a restrained perfect dominating set of G if S is a perfect dominating set and if for every v ∈ V (G)\S, there exists z ∈ V (G)\S such that vz ∈ E(G). The minimum cardinality of a restrained perfect dominating set of G, denoted by γ rp (G), is the restrained perfect domination number.
Introduction
Let G = (V (G), E(G)) be a connected graph. 
A set S ⊆ V (G) is a dominating set of G if for every v ∈ V (G)\S, there exists u ∈ S such that uv ∈ E(G), that is, N G [S] = V (G). A subset S of V (G)
is a perfect dominating set in G if each v ∈ V (G)\S is adjacent to exactly one u ∈ S. A set S ⊆ V (G) is an independent set in G if each vertex u ∈ S satisfies |S ∩ N (u)| = 0. A subset S of V (G) is an independent perfect dominating set (ipds) if S is an independent set and S is a perfect dominating set. A dominating set S of V (G) is a restrained dominating set of G if for every v ∈ V (G)\S, there exists z ∈ V (G)\S such that vz ∈ E(G). The domination number (resp. perfect domination number, independent perfect domination number and restrained domination number) γ(G) (resp. γ p (G), γ ip (G) and γ r (G)) of G is the smallest cardinality of a dominating (resp. perfect dominating, independent perfect dominating and restrained dominating) set of G. Any dominating set in G of cardinality γ(G) (resp. γ p (G), γ ip (G) and γ r (G)) is referred to as γ-set (γ p -set, γ ip -set and γ r -set) of G.
A restrained perfect dominating set of G is a subset S ⊆ V (G) such that S is a dominating set of G, S = V (G) or V (G)\S has no isolated vertices and for every v ∈ V (G)\S, |N (v) ∩ S| = 1. The restrained perfect dominating number γ rp (G) of G is the minimum cardinality of a restrained perfect dominating set of G. Any dominating set in G of cardinality γ rp (G) is referred to as a γ rp -set of G.
The concept of perfect dominating set were studied by several authors particularly in Cayley graphs [3] , fuzzy graphs [7] , complete grid graph [8] and cube-connected cycles [9] . Livingston and Stout [4] viewed a perfect dominating set as a perfect error-correcting code where the elements of the dominating set are the code words. S.R. Canoy, Jr. [1] characterized the restrained dominating sets in the lexicographic product and Cartesian product of two connected graphs and determined the corresponding upper bounds of the restrained domination number of each of these graphs. Also, G.S. Domke, et.al [2] determined the upper and lower bounds for γ r (G) and characterize those connected graph G achieving these bounds. Other variants of the concept of restrained domination can be found in the articles by J.J. Mohan and I. Kelkar [5] and P.R.L. Pushpam and S. Padmapriea [6] .
Results
Remark 2.1 Let G be a connected graph.
(ii) If S is a restrained perfect dominating set in G and u is a support vertex to at least two leaves, then u ∈ S.
Remark 2.2 For any connected graph
G of order n ≥ 2, 1 ≤ γ(G) ≤ γ p (G) ≤ γ rp (G) ≤ n. Example 2.3 γ(K 1,n−1 ) = γ p (K 1,n−1 ) = 1 and γ rp (K 1,n−1 ) = n for all n ≥ 2.
Theorem 2.4
The differences γ rp − γ p and γ rp − γ r can be made arbitrarily large.
Proof : To show that γ rp − γ p can be made arbitrarily large, let n be positive integer and 
Let S 1 and S 2 be, respectively, a γ r -set and a γ rp -set of G. Also, let A = {a i : i = 1, 2, . . . , n} and B = {b i : i = 1, 2, . . . , n}. By Remark 2.1, A ∪ B ⊆ S 1 and S 2 = V (G). Since A ∪ B is a restrained dominating set,
This shows the desired result. Theorem 2.5 Let G be a connected graph of order n ≥ 3. Then the following statements are equivalent:
(ii) γ(G) = 1 and G has no leaf. Proof : (i) ⇒ (ii) Suppose that γ rp (G) = 1, say S = {v} is a γ rp -set of G. Then by Remark 2.2, γ(G) = 1. Suppose G has a leaf, say x. Then by Remark 2.1, x ∈ S, that is, x = v. Let u be the support vertex of v. Since S is a restrained dominating set, there exists w ∈ V (G)\S such that uw ∈ E(G). This vertex w, however, is not dominated by v, contrary to our assumption that S = {v} is a dominating set. Therefore, G has no leaf.
(ii) ⇒ (iii) Suppose γ(G) = 1 and G has no leaf. Since γ(G) = 1, then G = K 1 + H. Also since G has no leaf, H must be a graph with no isolated vertex.
(
where H is a graph with no isolated vertex. Let S = V (K 1 ) = {x}. Then S is a perfect dominating set of G. Since H has no isolated vertex, S is a restrained perfect dominating set of G. Thus, γ rp (G) = 1.
The next result is immediate from Theorem 2.5.
Corollary 2.6
Let n be a positive integer. Then
(ii) γ rp (F n ) = 1 for all n ≥ 2; and 
. Also, N (x) ∩ N (y) = ∅ since S is a perfect dominating set. Now, if z ∈ V (G)\{x, y} then, there exists w ∈ V (G)\{x, y} such that zw ∈ E(G) since S is a restrained dominating set. Since z ∈ N (x) or z ∈ N (y), it follows that z is not a leaf. Thus conditions (i), (ii) and (iii) hold.
For the converse, suppose that (i), (ii) and (iii) hold. Then by (i) and (ii), S = {x, y} is a perfect dominating set of G. Also, by (iii), V (G)\{x, y} has no isolated vertices. Thus, S is a restrained perfect dominating set of G. Consequently, γ rp (G) ≤ |S| = 2. Suppose there exists z ∈ V (G) such that {z} is a γ rp -set of G. If z ∈ V (G)\{x, y}, then z ∈ N (x) ∩ N (y), contrary to our assumption that (ii) holds. Thus, either z = x or z = y. Suppose, without loss of generality, that z = x. Then N (x) = N (z) = V (G)\{x}. Thus, by assumption, N (y) = {x}. This implies that y is a leaf in G. By Theorem 2.5, γ rp (G) = 1. Therefore, γ rp (G) = 2.
Example 2.8 γ rp (P
The next two results give the restrained perfect domination numbers of P n and C n , (n ≥ 3).
Theorem 2.9
If G is a path P n of order n ≥ 3, then
, if n ≡ 2 mod(3).
, where n ≥ 3, and let S be a γ rp -set of P n . Then x 1 , x n ∈ S by Remark 2.1. Since S is a restrained perfect dominating set, it follows that x 3k+1 ∈ S for each integer k ≥ 0 with 3k + 1 ≤ n. Consider the following cases: Case 1: n = 3q for some integer q ≥ 2. Then S contains the q vertices x 1 , x 4 , . . . , x 3q−2 . Since x 3q ∈ S and S is a perfect dominating set, it follows that x 3q−1 ∈ S. Thus, S = {x 1 , x 4 , x 7 . . . , x 3q−2 , x 3q−1 , x 3q } and γ rp (P n ) = |S| = q + 2 = n 3 + 2 = n + 6 3 .
Case 2: n = 3q + 1 for some integer q ≥ 1. Then S = {x 1 , x 4 , . . . , x 3q , x 3q+1 }. Hence,
Case 3: n = 3q + 2 for some integer q ≥ 1.
This proves the assertion.
Theorem 2.10
If G is a cycle C n of order n ≥ 3, then
, where n ≥ 3, and let S be a γ rp -set of C n . Without loss of generality, we may assume that x 1 ∈ S and x 2 , x 3 / ∈ S. Since S is a restrained perfect dominating set, x 3k+1 ∈ S for all k ≥ 0 with 3k + 1 ≤ n. Consider the following cases:
Case 1: n = 3q for some integer q ≥ 1. If q = 1, then n = 3 and γ rp (C 3 ) = 3 3 = 1. Suppose q ≥ 2. Then S = {x 1 , x 4 , . . . , x 3q−2 }. Hence,
Case 2: n = 3q + 1 for some integer q ≥ 1.
Since S is a restrained perfect dominating set, x 3q+2 ∈ S. This implies that S = {x 1 , x 4 , . . . , x 3q+1 , x 3q+2 }. Therefore,
The join G + H of two graphs G and H is the graph G + H with vertex set
Theorem 2.11 Let G and H be any non-trivial graphs. Then a proper subset S ⊆ V (G + H) is a restrained perfect dominating set in G + H if and only if one of the following statements holds:
(i) S is a dominating set in G and |S| = 1.
(ii) S is a dominating set in H and |S| = 1. Proof : Let S ⊆ V (G + H) be a restrained perfect dominating set of G + H. Consider the following cases:
The converse is proved in a straightforward manner.
The next results are consequences of Theorem 2.11. (
Corollary 2.12 Let G and H be nontrivial graphs. Then
γ rp (G + H) =        1, if γ(G) = 1 or γ(H) = 1 2, if G and H have isolated vertices |V (G + H)| , if otherwise.
Corollary 2.13 Let G and H be connected nontrivial graphs. Then
γ rp (G + H) =    1, if γ(G) = 1 or γ(H) = 1 |V (G + H)| , if otherwise.
Theorem 2.15 Let G be a connected graph and H any graph. Then C ⊆ V (G • H) is a restrained perfect dominating set of G • H if and only if one of the following statements holds:
Proof : Suppose C is a restrained perfect dominating set of G • H. Suppose further that C = V (G • H). Consider the following cases:
Since G is connected, v and u are connected by a path. Let P (u, v) = [x 1 , x 2 , . . . , x k ] , where x 1 = u and
, contrary to our assumption that C is a perfect dominating set. Thus, x 2 ∈ C. Using a similar argument, we find that x 3 , . . . , x k ∈ C. Thus, v ∈ C, a contradiction. Therefore, V (G) ⊆ C. Let v ∈ V (G) and let S v be the set containing all the isolated vertices of H v . Since C is a restrained dominating set, S v ⊆ C. Moreover, since v ∈ C and C is a perfect dominating set, (V (
The converse is clear. 
Corollary 2.16 Let G be a connected graph and H any graph. Then,
γ rp (G • H) = (1 + k) |V (G)| ,
Theorem 2.17 Let G and H be connected nontrivial graphs. A non-empty
(ii) S is an independent perfect dominating set (ipds) and T x is a dominating set of H with |T x | = 1 for all x ∈ S.
Proof : Suppose C is a restrained perfect dominating set of
Since C is a perfect dominating set, (x, c) ∈ C. This, however, would imply that T y = V (H). Therefore,
showing that S is a perfect dominating set of G. Suppose that there exist x, y ∈ S such that xy ∈ E(G).
Let z ∈ V (G)\S and let P (x, z) = [x 1 , . . . , x k ], where x 1 = x, . . . , x k = z, be an x − z geodesic in G. Since T x = V (H), it follows that x 2 ∈ S and T x 2 = V (H). This, in turn, will imply that x 3 ∈ S and T x 3 = V (H). Continuing in this manner, we find that x k = z ∈ S, contrary to our assumption. Thus, S is an independent set. Next, let x ∈ S and suppose that |T x | ≥ 2. Let a, b ∈ T x , where a = b. Let y ∈ V (G) ∩ N G (x). Since S is an independent set, y / ∈ S. Thus, since (y, a) / ∈ C and (x, a), (x, b) ∈ N G [H] ((y, a)) ∩ C, C is not a perfect dominating set. This contradicts the assumption that C is a perfect dominating set. Therefore |T x | = 1. Moreover, since S is an independent set and C is a dominating set, T x is a dominating set in H.
For the converse, suppose that (i) or (ii) holds. If S = V (G), then T x = V (K n ) for all x ∈ S by assumption. Thus, C is a restrained perfect dominating set. Suppose S = V (G). Then S is an independent perfect dominating set and T x is a dominating set in H with |T x | = 1 for all x ∈ S. Let (z, q) / ∈ C. Let w ∈ (V (G)\{z}) ∩ N G (z). Choose t ∈ V (H) such that (w, t) / ∈ C. Then (w, t) ∈ N G [H] ((z, q) ). Consider the following cases: Case 1. z / ∈ S Since S is a perfect dominating set, there exists x ∈ S such that N G (z)∩S = {x}. Let T x = {a}. Then {(x, a)} = N G [H] ((z, q) ) ∩ C. Case 2. z ∈ S Then T z is a dominating set and T z = {b} for some b ∈ V (K n ) by assumption. Since S is an independent set, it follows that N G [H] ((z, q) 
Accordingly, C is a restrained perfect dominating set of G[H].
Corollary 2.18 Let G and H be connected graphs. Then
if γ(H) = 1 and G has an ipds |V (G)| |V (H)| , if otherwise.
